Generalized frequency division multiplexing (GFDM) has been a candidate multicarrier scheme in the 5th generation cellular networks for its flexibility of transmitter filter in time and frequency. However, for the circularly shaped transmitter filter, GFDM provides limited performance gain of sidelobe suppression. In this paper, we propose a scheme, called time-domain N-continuous GFDM (TD-NC-GFDM), to reduce the discontinuities caused by the GFDM transmitter filter and achieve promising sidelobe suppression gain. Based on time-domain N-continuous orthogonal frequency devision multiplexing (TD-NC-OFDM), TD-NC-GFDM signal can be obtained by superposing a smooth signal in the time domain. The smooth signal is linearly combined by basis signals in a new basis set related to GFDM transmitter waveform. To eliminate the interference caused by the smooth signal, two solutions are proposed.
in terms of signal-to-noise ratio (SNR) and data rate. Interference cancellation methods [11] , [12] lead to severe inter symbol interference (ISI) among multiple symbols while requiring large-scale matrix operations for a wide optimization frequency band. The precoding methods [13] [14] [15] have a promising sidelobe suppression performance at the cost of high complexity at the transmitter [13] and receiver [13] [14] [15] . N-continuous OFDM (NC-OFDM)
techniques [16] [17] [18] [19] [20] [21] [22] make the OFDM signal and its first N derivatives continuous, termed as N-continuous, to achieve a considerable sidelobe suppression performance. Conventional NC-OFDM [16] utilizes a precoder to obtain N-continuous signal at the price of increased complexity and high interference. To optimize the precoder in NC-OFDM [16] , the technique in [17] nulls the spectrum at several chosen frequencies at the expense of the bit-to-error ratio (BER) performance degradation. The precoder in [18] improves the BER performance compared to that in [17] , but results in data rate loss. Aiming at the low-complexity signal recovery for NC-OFDM signal, several techniques have been investigated in [19] , [20] . However, the technique in [19] causes a significant increase in transmitter complexity when searching the optimal data sequence with minimum interference, and the method in [20] also increases transmitter complexity in the calculation of cancellation tones. In [21] , [22] , time-domain Ncontinuous OFDM (TD-NC-OFDM) is proposed to reduce the precoder complexity of the conventional NC-OFDM while maintaining as good sidelobe suppression as the conventional NC-OFDM, but still causes high interference.
In this paper, in order to achieve significant sidelobe suppression, based on [21] , [22] , a time-domain N-continuous GFDM (TD-NC-GFDM) is proposed by adding a smooth signal into the GFDM symbol. The smooth signal is a linear combination of the basis signals in a new basis set, which is designed by the GFDM transmitter filter and its high-order derivatives. To reduce the interference caused by the smooth signal, we adopt two solutions. The first one is an iterative signal recovery algorithm for the received TD-NC-GFDM signal by a calculated decoding matrix, which increases the receiver complexity. To avoid the complexity of the signal recovery algorithm, in the second solution, a low-interference TD-NC-GFDM is presented by redesigning the basis signals. In this paper, a redesign of the basis signals is to truncate the aforementioned basis signals in TD-NC-GFDM by a smooth window function. After the linear combination of the redesigned basis signals, the resulted smooth signal is aligned with the beginning of the GFDM symbol and added in the front part of the GFDM symbol. Furthermore, for the truncation design of the basis signals, the low-interference scheme has lower implementation complexity than TD-NC-GFDM.
Additionally, it is proved that when the number of GFDM subsymbols in each GFDM symbol block is bigger than 1, the signal-to-interference ratio (SIR) in TD-NC-GFDM is much higher than that in TD-NC-OFDM. Simulation results shows that TD-NC-GFDM and its low-interference scheme can obtain much more rapid sidelobe decaying than TD-NC-OFDM, and the low-interference TD-NC-GFDM can obtain the same BER performance as the original GFDM, which has the close BER performance to OFDM for a small roll-off factor of the transmitter filter.
The remainder of the paper is organized as follows. In Section II, conventional GFDM transmitter and receiver are introduced. Section III presents the TD-NC-GFDM at the transmitter followed by the signal recovery algorithm at the receiver, gives the low-interference TD-NC-GFDM, and analyzes the SIR of the TD-NC-GFDM signal.
Simulation results follows in Section IV. Finally, in Section V, this paper is concluded.
II. GFDM SYSTEM

A. GFDM Transmitter
In GFDM transmitter, bit streams are first modulated to complex symbols d i,k,m that are divided into sequences of KM symbols long in the ith GFDM symbol. Each sequence (as a vector)
is the transmitted data on the kth subcarrier in the mth subsymbol of the ith GFDM block. The data symbols are taken from an independent and identically distributed (i.i.d.) process with the zero mean and the unit variance.
Each d i,k,m is transmitted with a pulse shaping filter [1] 
where the signal sample index is n = 0, 1, . . . , N − 1 with N = KM , (·) N denotes the modulo of N, and g(n) is a prototype filter whose time and frequency shifts by k and m are g k,m (n). By the superposition of all the filtered
and its implementation is shown in Fig. 1 that is the same as the transmitter shown in [1] . Eq. (2) can be rewritten in the matrix form as
where A is a N × N transmitter matrix [1] , which is given by
with
Lastly, on the transmitter side, a cyclic prefix (CP) of N cp samples is appended to produce x i . In this case, the transmitted GFDM signal in the time range (−∞, +∞) is expressed as 
B. GFDM Receiver
At the receiver, the ith received GFDM signal is
where * denotes the linear convolution operation, h i (n) is the channel response in the time domain, and n i (n) is the AWGN noise with zero mean and variance σ 2 .
Assuming that perfect synchronization and long enough CP against the maximum channel delay are implemented, after the CP is removed, Eq. (6) can be expressed as
where
, and H i denots the N × N channel matrix which is a circular convolution matrix.
According to [1] , three linear GFDM demodulators have been considered, which are matched filter (MF), zeroforcing (ZF), and minimum mean square error (MMSE) receivers. Suppose that zero-forcing channel equalization is adopted. The estimated datad i by the three receivers can be, respectively, expressed bŷ
where R i,w is the covariance matrix of the channel noise.
Finally, the datad i are demapped to a sequence of bits by a decoder.
For the flexibility of GFDM transmitter filter, a GFDM signal has the lower spectral leakage than the rectangularly pulsed OFDM signal [1] . However, for the circularly shaped transmitter filter g k,m (n), the spectral leakage, caused by the discontinuities between GFDM symbols, cannot be significantly suppressed. Thus, to achieve a promising suppression gain of spectral leakage, a sidelobe suppression technique, called TD-NC-GFDM, is proposed below.
III. TIME-DOMAIN N-CONTINUOUS GFDM
In this section, we first formulate TD-NC-GFDM and its signal recovery algorithm. Then, a low-interference TD-NC-GFDM is proposed to reduce the receiver complexity. Lastly, the effect of the smooth signal on GFDM signal is analyzed in terms of SIR.
A. TD-NC-GFDM
Based on [16] , [21] , [22] , signal's spectral leakage can be reduced by improving the signal's continuity, which is measured by the high-order derivative's continuity. According to [21] , [22] , by adding a smooth signal w i (n) in each GFDM symbol, that isx
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for n ∈ N = {−N cp , −N cp + 1, . . . , N − 1} in the equivalent-baseband GFDM signal with CP, where
. . , V } and the highest derivative order (HDO) V .
According to [21] , [22] , w i (n) is generated by a linear combination, which is
where the calculation of the linear combination coefficients b i,v will be given below and the basis signal f v (n) is from a basis set Q,
Based on the prototype filter g(n) in GFDM transmitter, a design of the basis signal fṽ(n) is given by
To calculate b i,v , we first rewrite (11) in the matrix form as
Then, substituting (9) and (11) into (10), we have
where P f is a (V + 1) × (V + 1) symmetric matrix without correlation among its rows or columns, given as
and its inverse P 
T denotes the differences between the GFDM signals and its first V derivatives at the adjacent point between two consecutive GFDM symbols, which can be calculated by
Thus, Eq. (17) can be rewritten as
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and
F is the N -point DFT matrix with its (l+1)th row and (n+1)th column element e 
From (14), (15), and (18), b i can be calculated by
Therefore, as shown in Fig. 2a , the smoothed GFDM signal is expressed bȳ With the same assumption as (7), after removing CP and equalizing the channel effect by ZF, the received TD-NC-GFDM signal can be expressed asỹ
Our goal is to reconstruct the smooth signal and cancel it from the received TD-NC-GFDM signal. Suppose that the ZF GFDM receiver in (8) is employed. The estimated dataŷ i,(r) in the rth iteration of the signal recovery algorithm can be formulated asŷ
where the reconstructed smooth signal is
and the decoding matrix P w is
which is proved in Appendix A.d i,(r−1) is initialized as a all-zero vector and then is detected by the hard decision in constellation asd
where C denotes the constellation set.
B. Low-Interference TD-NC-GFDM
When the number of subcarrier K or the number of GFDM subsymbol M is increased, the complexity of the signal recovery algorithm for TD-NC-GFDM is high. Moreover, as shown in Fig. 3a , the smooth signal in TD-NC-GFDM is distributed in the whole GFDM symbol, which causes high interference. Thus, to avoid the complexity of the signal recovery algorithm and reduce the interference caused by the smooth signal, as shown in Fig. 3b , the smooth signal in the proposed low-interference TD-NC-GFDM is truncated in the time domain, aligned with the beginning of the CP-inserted GFDM symbol, and added in the front part of the CP-inserted GFDM symbol. In this case, to make the GFDM signal N-continuous, w i (n) should satisfy
According to the addition of the smooth signal w i (n) in the low-interference TD-NC-GFDM, the linear-combination design of w i (n) is described as
where L {−N cp , −N cp + 1, . . . , −N cp + L − 1} indicates the location of w i (n) with length L, and the basis signalsf v (n) belong to the basis setQ, defined as On the one hand, the time duration offṽ(n) is truncated by a preset window function z(n), which is considered as a smooth and zero-edged window function, such as triangular, Hanning, or Blackman window function. Then, the truncated basis signals are given bỹ
where u(n) denotes the unit-step function and z(n) is the right half of the baseband-equivalent window function.
On the other hand, by substituting (9) and (32) into (31), the coefficients b i,v can be calculated as
Finally, as shown in Fig. 3b , w i (n) is superposed onto the front part of the CP-inserted GFDM symbol to achieve the N-continuous GFDM signalx i , given as 
C. SIR Analysis in TD-NC-GFDM
Since the data d i,k,m follows i.i.d. process, we have
Firstly, we let
which has been proved to be an idempotent and Hermitian matrix in Appendix B.
According to (25) and (37), we have
Moreover, with the initialization ofd 0 = d 0 , it is inferred that E{d 0d H 0 } = I N . Thus, Eq. (38) can be further expressed by
for i ∈ {0, 1, . . . , N s }. When the roll-off factor of g(n) equals to zero, i.e., β = 0, it is proved in Appendix C that the elementsd i,k,m ind i are also uncorrelated. Fig. 5 shows that with different roll-off factors and HDOs, the
varies tiny in i. Thus, for different roll-off factors and HDOs, the average signal power can be approximated to be constant.
The average power of the smooth signal A −1 w i can be expressed by According to (40), Eq. (41) can be further written as
for i ∈ {1, 2, . . . , N s }. The smooth signal w i is initialized by w 0 = 0 N ×1 . Additionally, when β = 0, according to the proved relationship betweenP andP in (63) proved in Appendix C and the property of idempotent matrix in [23] , we have
As shown in Fig. 5 , for a big roll-off factor or HDO, the average smooth signal power in (42) is increased, where HDO is the dominant factor. On the contrary, for a small roll-off factor or HDO, the average smooth signal power in (42) is reduced. Moreover, for the reduced roll-off factor, the average smooth signal power approaches to 2(V + 1)
in (43).
Thus, the SIR between the original GFDM data d i and the smooth signal A −1 w i is calculated by
When β = 0, based on (43), γ SIR is expressed as
Eq. (45) has M times larger than the SIR K 2(V +1) in TD-NC-OFDM [22] . Fig. 6 compares the SIRs of the TD-NC-GFDM signal and TD-NC-OFDM signal with varying roll-off factors and HODs. For a small HDO or roll-off factor, the SIR of TD-NC-GFDM is increased, where HDO has the dominant effect on SIR. On the contrary, as the HDO or roll-off factor is increased, the SIR of TD-NC-GFDM is degraded. Moreover, for the same data rate, compared to M many K-point TD-NC-OFDM signal, the SIR of the M K-point TD-NC-GFDM signal is higher than that of the TD-NC-OFDM signal. For the small roll-off factor, the enhanced SIR gain of TD-NC-GFDM is almost up to M times compared to TD-NC-OFDM. 
IV. SIMULATION RESULTS
In the following simulations, the system parameters are listed in Table I technique for GFDM [1] exceeding the given lengths of CP and cyclic postfix, in the current system parameters, the roll-off factor of the window in the windowing technique is set to be 0.015. Channel environment Multipath Rayleigh fading channel performance of TD-NC-GFDM is significantly improved. For example, when V = 6, TD-NC-GFDM and its lowinterference scheme has more rapid sidelobe decaying than the windowing technique. It is also shown that TD-NC-GFDM and its low-interference scheme have much better sidelobe suppression performance than TD-NC-OFDM, since the GFDM transmitter filter has much lower sidelobes than the rectangularly pulsed OFDM waveform.
Figs. 8 and 9 compare the BER performance of TD-NC-OFDM, TD-NC-GFDM, and the low-interference TD-NC-GFDM in AWGN channel and Rayleigh fading channel, respectively. Matching the SIR analysis of the TD-NC-GFDM signal in Section III-C, the BER performance of TD-NC-GFDM is degraded by the increased HDO and TD-NC-GFDM has much better BER performance than TD-NC-OFDM. After the iterative signal recovery for the received TD-NC-GFDM signal, the BER performance is significantly improved as good as the original GFDM. Moreover, without the signal recovery, the low-interference TD-NC-GFDM can obtain the same BER as the original GFDM signal, while maintaining as good sidelobe suppression performance as TD-NC-GFDM as shown in Fig. 7 . On the other hand, Fig. 10 further compares the BERs among TD-NC-OFDM, the windowing technique, TD-NC-GFDM and the low-interference TD-NC-GFDM in Rayleigh fading channel, where a big HDO V = 6 is considered. In this case, the signal recovery of TD-NC-OFDM [22] cannot completely reduce the high interference caused by the smooth signal in the limited number of iterations. However, for the higher SIR in TD-NC-GFDM, the data can be well recovered by the signal recovery algorithm in Section III-A. Meanwhile, the low-interference TD-NC-GFDM can also achieve the same BER performance as the original GFDM, whose E b /N 0 is 1dB better than the windowing technique when BER=10 −3 . Additionally, GFDM with the small roll-off factor, such as β = 0.1, has close BER performance to OFDM. Thus, the low-interference TD-NC-GFDM is a good choice of sidelobe suppression in the future communications. 
V. CONCLUSION
This paper proposed the TD-NC-GFDM technique to suppress spectral leakage by adding a smooth signal. Based on TD-NC-OFDM, the linear-combination format of the smooth signal was adopted. The basis signals for the smooth signal were designed according to the GFDM transmitter filters and their high-order derivatives. To eliminate the interference caused by the smooth signal, we first proposed the iterative signal recovery algorithm for the received TD-NC-GFDM signal by the decoding matrix. Then, to avoid the high complexity of the signal recovery algorithm, the low-interference TD-NC-GFDM was presented by truncating the smooth signal. Furthermore, we analyzed that TD-NC-GFDM slightly affect the average power of GFDM signal, and more importantly, the SIR of TD-NC-GFDM is higher than that of TD-NC-OFDM when the number of GFDM subsymbols is bigger than 1. Simulation results
showed that with the small roll-off factor β = 0.1, TD-NC-GFDM and the low-interference TD-NC-GFDM could achieve significant sidelobe suppression better than TD-NC-OFDM, and the low-interference TD-NC-GFDM can avoid the signal recovery complexity while maintaining the same BER performance as the original GFDM, which has the close BER to OFDM.
APPENDIX A PROOF OF THE DECODING MATRICES IN (29)
A. Necessary Condition
According to the design of the smooth signal in (24) (or (17)), the ith smooth signal is related to the (i − 1)th and ith GFDM symbols. When r = 0, the initialization isd i,(r) = 0 N ×1 . In this case, the ith GFDM symbol is known. To obtain the (i − 1)th GFDM data, a matrix P w is used for the received TD-NC-GFDM signal in (26) as
To extract the (i − 1)th data, the following relationship should be satisfied
Then, we have
Similar to (14) , (17) , and (24), the smooth signal can be reconstructed as
To obtain the smooth signal from the first two terms in (49), compared to (17) and (24), the following relationship should be satisfied
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B. Sufficient Condition
According to (13) and (20)- (23), we can obtain
. . . . . . . . . 
According to (52), it is easy to prove that the two conditions in (47) and (50) can be satisfied. Thus, the matrix P w is correct and can be used as the decoding matrix in the signal recovery algorithm in TD-NC-GFDM receiver.
APPENDIX B PROPERTIES OF MATRIXP IN (37)
From (52), we can derive that
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Based on (37) and (52), we have
Thus,P can also be expressed asP
where P † 2 denotes the Moore-Penrose pseudoinverse of P 2 [23] , P † 2 = P |g(n)| 2 = 1, the transmitter matrix A can be expressed by
where Φ m = diag e 
